Abstract. Let G be the free product of finitely many cyclic groups of prime order. Let M" denote the number of subgroups of G of index n . Let Cp denote the cyclic group of order p, and C* the free product of k cyclic groups of order p . We show that Mn is odd if C\ occurs as a factor in the free product decomposition of G. We also show that if C\ occurs as a factor in the free product decomposition of G and if C2 is either not present or occurs to an even power, then Mn = 0 mod 3 if and only if n = 2 mod 4. If, on the other hand, C| occurs as a factor, and C2 also occurs as a factor, but to an odd power, then all the Mn are s 1 mod 3 . Several conjectures are stated.
Introduction
A recurrence formula for the number of subgroups of a given index in a free group of finite rank was given by M. Hall [5] . This was generalized to the case of a free product of finitely many cyclic groups by I. M. S. Dey [2] , and to the general case of an arbitrary group by K. Wohlfahrt [9] . These numbers possess a wealth of fascinating arithmetic properties. For instance, the number of subgroups of index n in the classical modular group is odd if and only if n is of the form 2^-3 or 2(2fc -3) [6] . To cite another example, the number of subgroups of index 2p -X in the Hecke group Hp , p prime, is 2p -X [4] . That these numbers are interesting is evident from Table 1 in the Appendix (included here as a representative example) which lists them for H4X, for all indices < 100.
In this paper we prove a number of congruence properties, and state several conjectures.
Cp will denote the cyclic group of order p. Ck will stand for the free product Cp*Cp*---*CP of k copies of Cp . Then the classical modular group is C2 * C3, and Hp is C2*CP.
The Hall and Dey formulas
Let Mn denote the number of subgroups of index n in some specified group G. Then, if G is a free group of rank r, Mx = X and n-l (1) M" = n(n\y-ï-Y(n-i)\r-lMi, n>2. í=i If G = CPí * CPl * ■ ■■ * CPk, then Mx = X and
where
and tp¿(«) is the number of homomorphisms of Cp into the symmetric group S".
Both (1) and (2) have an equivalent formulation in terms of generating functions.
For Dey's formula (2), let
where h(0) is defined to be 1. Then
This simple expression is useful in a variety of counting arguments (see [3, 4] , for example).
3. Congruence properties, and the theorems Parity phenomena are rather obvious for free groups of finite rank. In fact, all the M" are odd, in this case. This follows trivially by induction from Hall's formula (1), when considered modulo 2. In fact, the behavior of these numbers can be determined (in principle) for any modulus, since (1) then becomes a linear recurrence of fixed length with constant coefficients. For example, choosing 5 as the modulus and the rank as 2, the recurrence becomes In the same way, it is easy to show that for a free group of rank p , where p is a prime, Mn satisfies Mn = 1 mod p for all n .
The group-theoretic significance of results of this type is rather obscure.
Establishing congruence patterns for free products tends to be more challenging, since equation (2) is less convenient than (1) for that purpose. Instead of appealing to (2) directly, W. W. Stothers in [6] derives a formula for Mn for the modular group via coset diagrams. This formula is then used to prove the parity result mentioned above. These methods were extended in [8] and [7] .
An interesting alternative approach was given by C. Godsil, W. Imrich, and R. Razen in [3] . They obtain a recurrence formula for T2W*3W , and from this a recurrence for M" via equations (3) and (4) . Congruence properties are then deduced from this recurrence. The same reference mentions that the number of free subgroups of index n in SL2(Z) is always even. This follows from a formula given by W. Imrich in [8] .
T. Müller has found that SL2(Z) exhibits the same parity pattern as the modular group [10] , and more generally that similar patterns hold for a variety of free products of finite groups for which the amalgamated subgroup has odd
cardinality.
In what follows we will show that Dey's formula reduces to a linear recurrence modulo p when the factors are appropriately chosen. This enables us to prove the following theorems: Theorem 1. Suppose that C2 occurs as a factor in the free product decomposition of G. Then M" is odd for all n> X. Theorem 2. Suppose that C| occurs as a factor in the free product decomposition of G. If C2 does not occur as a factor, or enters to an even power, then M" = 0 mod 3 if and only if n = 2 mod 4. If, on the other hand, C2 enters to an odd power, then M" = \ mod 3 for all n, so that Mn is never divisible by 3 in this case.
The proofs require a number of lemmas. Lemma 1. The number x2(n)* contains a higher power of 2 in its prime power factorization than does n\, for all n> X.
Proof. Let 2r" be the exact power of 2 dividing n !, and let 2k be the largest power of 2 less than or equal to n , so that
Clearly, if n = 2k , then r" = 2k -X = n -X, but otherwise, r" < n -X. From S. Chowla et al. [1] we have x2(n) = 0 mod 2s for any s such that s < (n + 2)/4. Thus, if n = 2 mod 4, we may choose í = (« + 2)/4 and deduce that x2(n)4 = 0 mod 2"+2 . Since n + 2> rj for j = n, n + X, n + 2, or n + 3 (even in the case « + 2 = 2*), the result follows. D
We can now prove Theorem 1. We have Mx = 1, and by Lemma 1 and formula (2), Mn = Mn-x mod2, n > 1.
The result now follows trivially, by induction. The next lemma is considerably more difficult to prove.
Lemma 2. If n > 9s -3, then t3(m) = 0 mod 32i.
Proof. We shall prove inductively the compound proposition: If n > 9s -3, then t3(«) = 0 mod 32î, and for n = X mod 3,
This proposition may be verified by direct computation for 5=1, 2. For brevity, let T" now denote t3(«) . Iteration of the fundamental recursion r" = r"_i + (n-i)(n-2)r"_3 Suppose that n > 9(s + X) -3 . Then by the induction hypothesis, T"_7, r"_8, and r"_9 are all divisible by 32s ; and we wish to show that T" = 0 mod 32î+2 . So let k = 2s, Tn-i = 3ka, T"_g = 3kb, r"_9 = 3kc. We must show that xa + yb + zc = 0 mod 9. It is readily verified that z = 0 mod 9 for all « and that x = y = 0 mod 9 unless « = 2 mod 3 . So let « = 2 mod 3 . Then T" = 3a + 6b = 0 mod 9 requires a = b mod 3 ; i.e., Tn-i = Tn_% mod 3k+x . By virtue of (6), this last congruence becomes *1 7^1-14 + Vir"_i5 + ZXT"_X6 = x2Tn_X5+y2Tn-X() + z2Tn_xl mod 3*+1,
where we do not bother to write down the coefficients explicitly, but note that xx, yx, zx are to be evaluated at «-7=1 mod 3 , and x2, y2, z2 are to be evaluated at «-8 = 0 mod 3 . By the induction hypothesis, Tn-X4, ... , Tn_xl are all divisible by 3k~2. It is a simple matter to show that x(m) = 0 mod 27 when m = 0 or 1 mod 3, and that y(m) = 0 mod 27 when m = 1 mod 3.
Thus, it remains to prove that (zx-y2)Tn^x(, = z2Tn-n modS^1.
Let Tn-x(, = 3k~2a, Tn-xi = 3k~2b. By the induction hypothesis, T"_i6 = r"_i7 mod 3k~x, which implies that a = b mod 3 . But z2 = 0 mod 9, and zx(n+X)-y2(n) = n6-2Xn5 + 166«4 -609«3 + 1009«2 -546« = n6 -3«5 + 4«4-6«3 + «2-6« mod 9, which is clearly = 0 mod 9 when « = 0 mod 3 . This completes the proof. G
We use this lemma to prove
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Lemma 3. The number t3(«)3 contains a higher power of 3 in its prime power factorization than does n !, for all « > 2. Proof. Let 3r" be the exact power of 3 dividing n !, and let 3k be the largest power of 3 less than or equal to «, so that rn = + + ■■■ + n 3*j Then r" < (n -l)/2, with equality only when « = 3* . Suppose that « = 6 mod 9, and s = (n + 3)/9. By Lemma 2, t3(«)3 = 0 mod 3(6"+18»/9.
But (6« + 18)/9 > rj for j = n, n + X, ... , n + 8 and « > 9. Direct computation verifies the lemma for n = 1, 2, ... , 9 . This completes the proof. D
We can now prove Theorem 2. Suppose, first, that C2 does not occur as a factor in the free product decomposition of G. Then if p is a prime > 2 such that Cp does occur as a factor, the fact that xp(X) = xp(2) = X together with Lemma 3 implies that Now suppose that Ck does occur as a factor in the free product decomposition of G. Formula (7) is affected by this and becomes instead (8) Mn = 2M"-X+2kMn-2mod3, «>2,
with initial values Mx = X mod 3, M2 = 2k -X mod 3. If k is even, the recurrence is unaffected and the desired conclusion holds. If k is odd, however, we find in this case that all the M" satisfy M" = X mod 3. This completes the proof.
Conjectures
We conclude this paper by listing some plausible conjectures, which are backed up by some massive calculations. Thus, for example, the group C\ * C2 has all M" odd, and M" = 0 mod 3 if and only if « = 2 mod 4. Conjecture 3. Let px, p2 be primes, and suppose that px = X mod q, where q is a prime. Let G= CPl* CPl. Then M" = 0 mod q for all « such that n £ X mod q, n^p2 mod q.
